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Abstract
We ﬁrst obtain the Lp2Lq estimates of solutions to the Cauchy problem for one-
dimensional damped wave equation
Vtt  Vxx þ Vt ¼ 0; ðV ; VtÞjt¼0 ¼ ðV0; V1ÞðxÞ; ðx; tÞAR Rþ;
corresponding to that for the parabolic equation
ft  fxx ¼ 0 fjt¼0 ¼ ðV0 þ V1ÞðxÞ:
The estimates are shown by
ðV  fÞð	; tÞ  et=2 V0ð	 þ tÞ þ V0ð	  tÞ
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1jjV0; V1jjLq ; tX1; ðÞ
etc. for 1pqpppN: To show ðÞ; the explicit formula of the damped wave equation will be
used. To apply the estimates to nonlinear problems is the second aim. We will treat the system
of a compressible ﬂow through porous media. The solution is expected to behave as the
diffusion wave, which is the solution to the porous media equation due to the Darcy law.
When the initial data has the same constant state at 7N; a sharp Lp-convergence rate for
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pX2 has been recently obtained by Nishihara (Proc. Roy. Soc. Edinburgh, Sect. A, 133A
(2003), 1–20) by choosing a suitably located diffusion wave. We will show the L1 convergence,
applying ðÞ:
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1. Introduction
In this paper we ﬁrst consider the Cauchy problem for the damped wave equations
on one-dimensional space R1
Vtt  Vxx þ Vt ¼ 0; xAR1; t40;
ðV ; VtÞjt¼0 ¼ ðV0; V1ÞðxÞ;
(
ð1:1Þ
corresponding to that for the parabolic equation
ft  fxx ¼ 0;
fjt¼0 ¼ ðV0 þ V1ÞðxÞ:
(
ð1:2Þ
Note that the initial data of f is V0 þ V1:
The damped wave equation has been indicated to have a diffusive structure as
t-N by several authors [1,10], etc. Our ﬁrst main purpose is to give the precise
interpretation to this indication, which is shown by the Lp2Lq estimates for
1pqpppN: In fact, we obtain the following estimates.
Theorem 1.1. Let V and f be solutions in the distributional sense to (1.1) and (1.2),
respectively. Then, the following estimates hold for 1pqpppN and tX2:
jj@ax@bt ðV  fÞð	; tÞ  et=2Wa;bð	; tÞjjLppCt
1
2
1
q
1
p
 
1a
2
bjjV0; V1jjLq ð1:3abÞ
for a; bAZ with 0paþ bp2: Here, by denoting
WðtÞg ¼ 1
2
Z xþt
xt
gðyÞ dy; ð1:4Þ
Wa;bðx; tÞ ¼ Wa;bðx; t; V0; V1Þ are listed as
W0;0ðx; tÞ ¼ @tðWðtÞV0Þ ¼ V0ðx þ tÞ þ V0ðx  tÞ
2
; ð1:5Þ
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W1;0ðx; tÞ ¼ @2txðWðtÞV0Þ þ
t
8
þ 1
2
 
@xðWðtÞV0Þ þ @xðWðtÞV1Þ; ð1:6Þ
W0;1ðx; tÞ ¼ t
8
@tðWðtÞV0Þ þ @xðWðtÞV0Þ þ @tðWðtÞV1Þ; ð1:7Þ
W2;0ðx; tÞ ¼ @3txxðWðtÞV0Þ þ
t
8
þ 1
2
 
@2ttðWðtÞV0Þ þ
t2
128
@tðWðtÞV0Þ
þ @2txðWðtÞV1Þ þ
t
8
@tðWðtÞV1Þ; ð1:8Þ
W1;1ðx; tÞ ¼ @3ttxðWðtÞV0Þ þ
t
8
@2txðWðtÞV0Þ þ
t2
128
 1
8
 
@tðWðtÞV0Þ
þ @2txðWðtÞV1Þ þ
t
8
 1
 
@tðWðtÞV1Þ; ð1:9Þ
and
W0;2ðx; tÞ ¼ @3tttðWðtÞV0Þ þ
t
8
 1
2
 
@2txðWðtÞV0Þ þ
t2
128
 t
8
 
@tðWðtÞV0Þ
þ @2txðWðtÞV1Þ þ
t
4
 1
 
@tðWðtÞV1Þ: ð1:10Þ
For the parabolic equation (1.2) the Lp2Lq estimates with 1pqpppN
jj@ax@bt fð	; tÞjjLppCt
1
2
1
q
1
p
 
a
2
bjjV0 þ V1jjLq ; tX2 ð1:11Þ
are well-known. See e.g. [23]. Also, w ¼ WðtÞg in (1.4) and w ¼ @tðWðtÞgÞ are
solutions to
wtt  wxx ¼ 0
with ðw; wtÞjt¼0 ¼ ð0; gÞ and ðw; wtÞjt¼0 ¼ ðg; 0Þ; respectively, which are called the
D’Alembert formulas. Hence, estimates (1.3) in Theorem 1.1 show that, if we
subtract the term et=2Wa;bðx; tÞ; which may have the singularities coming from the
initial data, then the solution f to (1.2) is an asymptotic proﬁle of the solution V to
(1.1). However, if the initial data V0 and V1 have suitable regularities, then
et=2Wa;bðx; tÞ decay exponentially and can be neglected, so that we have the same
Lp2Lq estimates for V as same as f: That is, f is an asymptotic proﬁle of V as
t-N:
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These kinds of property have been recently obtained in [19] for three-dimensional
damped wave equations, which have been applied to show the global existence
theorem for semilinear damped wave equations.
The proof of Theorem 1.1 will be done by using the explicit formula of the
solution, same as in [19]. By SðtÞg denote the solution vðx; tÞ to the Cauchy problem
vtt  vxx þ vt ¼ 0;
ðv; vtÞjt¼0 ¼ ð0; gÞ;
(
ð1:12Þ
then
vðx; tÞ ¼ SðtÞg ¼ 1
2
et=2
Z
jzjpt
I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p 
gðx  zÞ dz ð1:13Þ
[2], where the modiﬁed Bessel function In of order n is given by
InðyÞ ¼
XN
m¼0
1
m!Gðnþ m þ 1Þ
y
2
 2mþn
ð1:14Þ
with the Gamma function G: Then the solution V to (1.1) is
Vðx; tÞ ¼ SðtÞðV0 þ V1Þ þ @tðSðtÞV0Þ: ð1:15Þ
Also, the solution f ¼: PðtÞðV0 þ V1Þ to (1.2) has the form
fðx; tÞ ¼ PðtÞðV0 þ V1Þ ¼
Z N
N
1ﬃﬃﬃﬃﬃﬃﬃ
4pt
p e
ðxzÞ2
4t ðV0 þ V1ÞðzÞ dz; ð1:16Þ
which is estimated by (1.11). Hence
ðV  fÞðx; tÞ ¼ ðSðtÞ  PðtÞÞðV0 þ V1Þ þ @tðSðtÞV0Þ: ð1:17Þ
To obtain (1.3) with a ¼ b ¼ 0; for example, we need to estimate
jjðSðtÞ  PðtÞÞgjjLpðg ¼ V0 þ V1Þ and jj@tðSðtÞÞV0ÞjjLp for tX2 (see Proposition 2.1
in Section 2). Moreover, to apply the Lp2Lq estimates to the nonlinear problem, we
should also consider the inhomogeneous problem
Vtt  Vxx þ Vt ¼ f ðx; tÞ;
ðV ; VtÞjt¼0 ¼ ð0; 0Þ;
(
whose solution V is given by
Vðx; tÞ ¼
Z t
0
Sðt  tÞf ðx; tÞ dt: ð1:18Þ
Therefore, SðtÞg and its derivatives should be estimated for all tX0: They are divided
into two terms coming from the wave property and parabolic structure, and listed
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as follows:
@ax@
b
t ðSðtÞgÞ ¼ et=2oabðtÞg þ JabðtÞg ð1:19Þ
for 1paþ bp3; where, for aþ bp2;
o10ðtÞg ¼ gðx þ tÞ  gðx  tÞ
2
ð¼ @xðWðtÞgÞÞ; ð1:2010Þ
o01ðtÞg ¼ gðx þ tÞ þ gðx  tÞ
2
ð¼ @tðWðtÞgÞÞ; ð1:2001Þ
o20ðtÞg ¼ t
8
gðx þ tÞ þ gðx  tÞ
2
þ g
0ðx þ tÞ  g0ðx  tÞ
2
¼ t
8
@tðWðtÞgÞ þ @2xðWðtÞgÞ
 
; ð1:2020Þ
o11ðtÞg ¼ t
8
 1
2
 
gðx þ tÞ  gðx  tÞ
2
þ g
0ðx þ tÞ þ g0ðx  tÞ
2
¼ t
8
 1
2
 
@xðWðtÞgÞ þ @x@tðWðtÞgÞ
 
; ð1:2011Þ
o02ðtÞg ¼ t
8
 1
  gðx þ tÞ þ gðx  tÞ
2
þ g
0ðx þ tÞ  g0ðx  tÞ
2
¼ t
8
 1
 
@tðWðtÞgÞ þ @2t ðWðtÞgÞ
 
ð1:2020Þ
and
J10ðtÞg ¼ 1
4
et=2
Z
jzjpt
I1
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p gðx  zÞ dz; ð1:2110Þ
J01ðtÞg ¼ 1
4
et=2
Z
jzjpt
I0 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p 
þ I1 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  tﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p

 
 gðx  zÞ dz; ð1:2101Þ
J20ðtÞg ¼ 1
4
et=2
Z
jzjpt
"
I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  z2
2ðt2  z2Þ:
 I1 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p þ 2z
2
ðt2  z2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p
 !#
gðx  zÞ dz; ð1:2120Þ
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J11ðtÞg ¼ 1
4
et=2
Z
jzjpt
"
I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  tz
2ðt2  z2Þ:
þ I1 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  2tz
ðt2  z2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p þ z
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p
 !#
gðx  zÞ dz; ð1:2111Þ
J02ðtÞg ¼ 1
4
et=2
Z
jzjpt
"
I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  1
2
þ t
2
2ðt2  z2Þ
 
:
þ I1 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  t þ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  2t
2
ðt2  z2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p
 !#
gðx  zÞ dz; ð1:2102Þ
and, for aþ b ¼ 3;
o30ðtÞg ¼ t
2
128
 1
8
 
gðx þ tÞ  gðx  tÞ
2
þ t
8
g0ðx þ tÞ þ g0ðx  tÞ
2
þ g
00ðx þ tÞ  g00ðx  tÞ
2
¼ t
2
128
 1
8
 
@xðWðtÞgÞ þ t
8
@x@tðWðtÞgÞ þ @3xðWðtÞgÞ
 
ð1:2030Þ
o21ðtÞg ¼ t
2
128
 t
8
 
gðx þ tÞ þ gðx  tÞ
2
þ t
8
 1
2
 
g0ðx þ tÞ  g0ðx  tÞ
2
þ g
00ðx þ tÞ þ g00ðx  tÞ
2
¼ t
2
128
 1
8
 
@xðWðtÞgÞ þ t
8
 1
2
 
@2xðWðtÞgÞ þ @2x@tðWðtÞgÞ
 
ð1:2021Þ
o12ðtÞg ¼ o30ðtÞg  o11ðtÞg; ð1:2012Þ
o03ðtÞg ¼ o21ðtÞg  o02ðtÞg; ð1:2003Þ
and
J30ðtÞg ¼ 1
4
et=2
Z
jzjpt
I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  z
2ðt2  z2Þ þ
zðt2 þ z2Þ
ðt2  z2Þ2
 !
 I1 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p "
 28z þ z
3
4ðt2  z2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  8z
3
ðt2  z2Þ2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p
 !#
gðx  zÞ dz; ð1:2130Þ
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J21ðtÞg ¼ 1
4
et=2
Z
jzjpt
I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  2t  z2
4ðt2  z2Þ 
2tz2
ðt2  z2Þ2
 !
þ I1 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p "
 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p þ 4z
2 þ tz2 þ 8t
4ðt2  z2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p þ 8tz
2
ðt2  z2Þ2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p
 !#
 gðx  zÞ dz: ð1:2121Þ
J12ðtÞg ¼ J30ðtÞg  J11ðtÞg ð1:2112Þ
J03ðtÞg ¼ J21ðtÞg  J02ðtÞg: ð1:2103Þ
Here we have used @x@
2
t ðSðtÞgÞ ¼ @3xðSðtÞgÞ  @x@tðSðtÞgÞ and @3t ðSðtÞgÞ ¼
@t@
2
xðSðtÞgÞ  @2t ðSðtÞgÞ for aþ b ¼ 3:
Then we have the following estimates.
Theorem 1.2. For 1pqpppN; it holds that
jjSðtÞgjjLppCð1þ tÞ
1
2
1
q
1
p
 
jjgjjLq ; tX0; ð1:22Þ
jj@ax@bt ðSðtÞgÞ  et=2oabðtÞgjjLp ¼ jjJabðtÞgjjLp
pCð1þ tÞ
1
2
1
q
1
p
 
a
2
bjjgjjLq ; tX0 ð1:23abÞ
for 1paþ bp3: Moreover, for tX2;
jjðSðtÞ  PðtÞÞgjjLppCt
1
2
1
q
1
p
 
1jjgjjLq ; ð1:24Þ
jj@ax@bt ðSðtÞ  PðtÞÞg  et=2oabðtÞgjjLp
¼ jjðJabðtÞ  @ax@bt PðtÞÞgjjLppCt
1
2
1
q
1
p
 
1a
2
bjjgjjLq ð1:25abÞ
for 1paþ bp3:
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The proof of Theorem 1.1 is a direct consequence of Theorem 1.2. For example,
@2xðV  fÞðx; tÞ ¼ @2xðSðtÞ  PðtÞÞðV0 þ V1Þ þ @2x@tðSðtÞV0Þ
¼ et=2ðo20ðtÞðV0 þ V1Þ  o21ðtÞV0Þ
þ ðJ20ðtÞ  @xPðtÞÞðV0 þ V1Þ þ J21ðtÞV0;
which yields (1.3) with ða; bÞ ¼ ð2; 0Þ by ð1:23Þ20 and ð1:25Þ21:
As an application of Theorem 1.2, we investigate the Cauchy problem for a one-
dimensional compressible ﬂow through porous media
vt  ux ¼ 0; xAR; t40;
ut þ pðvÞx ¼ au;
ðv; uÞjt¼0 ¼ ðv0; u0ÞðxÞ:
8><
>: ð1:26Þ
Here, vð40Þ denotes the speciﬁc volume, u is the velocity, pð	Þ denotes the pressure
with pvðvÞo0 for v40; and a is a positive constant.
Remark on the notation. The letter p has been used as a power order of the Lebesgue
space. Here, pð	Þ denotes the pressure. Here and after, whenever p expresses the
pressure, it is displayed as a function like pð	Þ; p0ð	Þ; etc.
The initial data are assumed to have constant states at x ¼7N:
lim
x-7N
ðv0; u0ÞðxÞ ¼ ð
%
v; 0Þ;
%
v40: ð1:27Þ
The solution ðv; uÞ to (1.26) is expected to behave as that to
%vt  %ux ¼ 0;
pð%vÞx ¼ a %u;
(
ð1:28Þ
as t tends to inﬁnity, which is due to the Darcy law. By (1.28), ð%v; %uÞ; called the
diffusion wave, is determined by the porous media equation
%vt þ 1a pð%vÞxx ¼ 0; %vjx¼7N ¼ %v;
%u ¼ 1a pð%vÞx:
(
ð1:29Þ
However, the solution to (1.29) is not unique (unique up to a shift), and so we
determine ð%v; %uÞ uniquely by
%vt þ 1a pð%vÞxx ¼ 0;
%vjt¼0 ¼
%
v þ d0vﬃﬃﬃﬃﬃ
4pa
p e
ðxþx0Þ2
4a ¼: %v0ðx; x0Þ; a ¼ p
0ð
%
vÞ
a ;
8<
:
%u ¼ 1a pð%vÞx:
8>><
>>:
ð1:30Þ
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Here, x0 is uniquely given byZ N
N
Z x
N
ðv0ðzÞ  %v0ðz; x0ÞÞ dz ¼ 1a d0u ð1:31Þ
and
ðd0v; d0uÞ ¼
Z N
N
ðv0ðxÞ 
%
v; u0ðxÞÞ dx; d0va0: ð1:32Þ
Then, under the suitable initial conditions and smallness assumptions, the
convergence rate
jjðv  %v; u  %uÞð	; tÞjjLp ¼ O
 
t
1
2
11
p
 
1
log t; t
1
2
11
p
 
3
2 log t
!
; pX2 ð1:33Þ
has been recently obtained in [18], in which both the L2-energy method and the
Green function method are employed. See also [16,17,21]. Note that this estimate is
rather sharp, though ‘‘log t’’ could not be removed, because
jjð%v; %uÞð	; tÞjjLp ¼ O
 
t
1
2
11
p
 
log t; t
1
2
11
p
 
1
2 log t
!
; pX1;
as t-N: The key point was to choose the suitably located diffusion wave ð%v; %uÞ by
(1.30)–(1.32).
However, the method in [18] will not yield the L1-convergence. Our second main
purpose is to have the convergence rate (1.33) for pX1; applying the Lp2Lq
estimates in Theorem 1.2.
Very recently, L1-convergence in case of vþavðv7 ¼ limx-7Nv0ðxÞÞ has been
obtained by Wang and Yang [24], by employing the approximating Green function
method. Their result is
jjv  %v; u  %ujjLp ¼ O
 
t
12 1
1
p
 
12; t
12 1
1
p
 
1
!
:
Combining our present result with theirs, we can cover both cases vþav and
vþ ¼ vð¼
%
vÞ:
Let us reformulate our problem. The diffusion wave ð%v; %uÞ is deﬁned by (1.30) with
(1.31)–(1.32), and so satisﬁes (1.28) with its initial data
ð%v; %uÞjt¼0 ¼ %v0ðxÞ;
1
a
pð%v0ðxÞÞx
 
; %v0ðxÞ :¼ %v0ðx; x0Þ: ð1:34Þ
P. Marcati, K. Nishihara / J. Differential Equations 191 (2003) 445–469 453
Introduce the auxiliary function
ð#v; uˆÞðx; tÞ ¼ 1
a
eatm00ðxÞ; eatm0ðxÞ
 
ð1:35Þ
for a function m0ðxÞ satisfying
m0ACN0 ðRÞ;
Z N
N
m0ðxÞ dx ¼ d0u ð1:36Þ
so that ð#v; uˆÞ satisﬁes
#vt  uˆx ¼ 0;
uˆt ¼ auˆ;
ð#v; uˆÞjt¼0 ¼ 
1
a
m00ðxÞ; m0ðxÞ
 
:
8>><
>>:
ð1:37Þ
Combining (1.26), (1.28) with (1.37), we have
ðv  %v  #vÞt  ðu  %u  uˆÞx ¼ 0;
ðu  %u  uˆÞt þ ðpðvÞ  pð%vÞÞx ¼ aðu  %u  uˆÞ þ
1
a
pð%vÞxt;
ðv  %v  #v; u  %u  uˆÞjt¼0 ¼ v0  %v0 þ
1
a
m00; u0 þ
1
a
pð%v0Þ0  m0
 
ðxÞ:
8>>><
>>>:
ð1:38Þ
By the deﬁnitions of ð%v; %uÞ and ð#v; uˆÞ;
d
dt
Z N
N
ðv  %v  #vÞ dx ¼ 0 and d
dt
Z N
N
ðu  %u  uˆÞ dx þ a
Z N
N
ðu  %u  uˆÞ dx ¼ 0;
so that both
RN
Nðv  %v  #vÞ dx and
RN
Nðu  %u  uˆÞ dx are conserved and their
amounts are zero. Hence twice integration of ð1:38Þ1 yieldsZ N
N
Z x
N
ðv  %v  #vÞðzÞ dz dx
¼
Z N
N
Z x
N
ðv0  %v0ÞðzÞ dz þ 1am0ðxÞ
 
dx ¼ 0; ð1:39Þ
which is a key point in our reformulation of the problem.
Thus, we reach to deﬁne the perturbation
wðx; tÞ ¼
Z x
N
Z y
N
ðv  %v  #vÞðz; tÞ dz dy ð1:40Þ
and
ðv; uÞ ¼ ð%v þ #v þ wxx; %u þ uˆ þ wxtÞ; ð1:400Þ
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so that w satisﬁes the Cauchy problem for the second order damped wave equation
wtt  ðpð%vÞ  pð%v þ #v þ wxxÞÞ þ awt ¼ 1a ðpð%vÞ  pð%vÞÞt;
ðw; wtÞjt¼0 ¼ ðw0; w1ÞðxÞ;
8<
: ð1:41Þ
where
ðw0; w1ÞðxÞ ¼
Z x
N
Z y
N
ðv0  %v0ÞðzÞ dz þ m0ðyÞa
 
dy;

Z x
N
ðu0  m0ÞðzÞ dz þ pð%v0ðxÞÞ  pð%vÞa

: ð1:42Þ
In [18] we have obtained the following theorem.
Theorem 1.3 (Nishihara [18]). Suppose that ðw0; w1ÞAH3  H2 and that
jjw0; w1jjH3H2 þ d0; d0 ¼ jd0vj þ jd0uj; is small. Then there exists a unique solution
wACið½0;NÞ; H3iÞ to (1.41), which satisfies
X3
k¼0
ð1þ tÞk2jj@kxwðtÞjj þ
X2
k¼0
ð1þ tÞ1þk2jj@kxwtðtÞjj
þ
X1
k¼0
ð1þ tÞ2þk2jj@kxwttðtÞjj þ ð1þ tÞ1þ
1
2jjwtttðtÞjj
pCðjjw0; w1jjH3H2 þ d0Þ:
Remark. The regularity theorem for ðw0; w1ÞAHs  Hs1ðsX3Þ is also obtained in
[18].
We can now apply the Lp2Lq estimate (1.22)–ð1:23Þa;b in Theorem 1.2 to the
solution w obtained in Theorem 1.3. Note that (1.41) is linearized with constant
coefﬁcients as
wtt  awxx þ awt ¼ F ; a ¼ p0ð
%
vÞ40 ð1:43Þ
with (1.42), where
F ¼ pð%vÞ  pð%v þ #v þ wxxÞ  p0ð%vÞwxx þ ðp0ð%vÞ  p0ð
%
vÞÞwxx þ p0ð%vÞ%vt
¼ bð%v 
%
vÞwxx þ Oðj #vj þ j%v 
%
vj3 þ j%vtj þ w2xxÞ; b ¼ p00ð
%
vÞ=2: ð1:44Þ
By ð1:40Þ0 and (1.35), the estimates of ðwxx; wxtÞ obtained later in Section 3 yield
the following theorem.
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Theorem 1.4. Suppose that ðw0; w1ÞAðH3  H2Þ-ðW 2;1  W 1;1Þ ¼: Z0: If both
jjw0; w1jjZ0 þ d0 is suitably small, then the solution ðv; uÞ to (1.26) satisfies
jjðv  %v; u  %uÞð	; tÞjjLp ¼ Oðt
1
2
11
p
 
1
log t; t
1
2
11
p
 
3
2 log tÞ; 1ppp2: ð1:45Þ
Remark. If ðw0; w1ÞAðH4  H3Þ-ðW 2;1  W 1;1Þ; then (1.45) holds for 1pppN;
where W m;p ¼ ff j @kxfALp; 0pkpmg and W m;2 ¼ Hm:
In [18] %v is proved to behave as
jj@jxð%vð	; tÞ  fð	; t; x0ÞÞjjLppCð1þ tÞ
1
2
11
p
 
 j
2
1
log ð2þ tÞ ð1:46Þ
for j ¼ 0; 1; 2;y and pX1; where
fðx; tÞ :¼ fðx; t; x0Þ ¼
%
v þ f1ðx; t; x0Þ þ f2ðx; t; x0Þ; ð1:47Þ
with
f1ðx; t; x0Þ ¼
d0vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4paðt þ 1Þp e
ðxþx0Þ2
4aðtþ1Þ ¼: d0vGðx þ x0; t þ 1Þ;
f2ðx; t; x0Þ ¼
Z t
0
Z N
N
Gðx  y; t  tÞ 	 bff1ðy; t; x0Þg2yy dy dt ð1:48Þ
and a ¼ p0ð%vÞa ; b ¼ p
00ð
%
vÞ
a : Thus, if we combine (1.46) with Theorem 1.4, then we have
Corollary 1.1. Under the assumptions in Theorem 1.4 the solution ðv; uÞ to (1.26)
behaves as
v  f; u þ 1
a
pðfÞx
 
ð	; tÞ




Lp
¼ Oðt
1
2
11
p
 
1
log t; t
1
2
11
p
 
3
2 log tÞ ð1:49Þ
as t-N for 1ppp2:
Finally, we state the related works. The behavior of solutions to (1.26) was ﬁrst
obtained by Hsiao and Liu [6]. After this work, several problems in some directions
have been investigated by many authors [3–5,7–9,11–14,16–18,20–22,24]. See also
the references therein. This paper is in the direction how fast the solutions converges
to the diffusion waves.
Our plan of this paper is as follows. In Section 2 we devote to have the Lp2Lq
estimates. In Section 3 decay properties of the solution w to (1.43) will be
investigated, which gives the desired result, Theorem 1.4.
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2. The Lp2Lq estimates
In this section we devote ourselves to the proof of Theorem 1.2.
Let us prepare the lemmas.
Lemma 2.1. The modified Bessel function InðyÞ defined by (1.14) satisfies
I0ðyÞ; I1ðyÞ 1
y
; I0ðyÞ  2
y
I1ðyÞ
 
1
y2
; and
1 8
y2
 
I0ðyÞ þ 16
y3
I1ðyÞ
 
1
y2
are bounded; ð2:1Þ
I0ð0Þ ¼ 1; I1ðyÞ 1
y

y¼0
¼ 1
2
; I0ðyÞ  2
y
I1ðyÞ
 
1
y2

y¼0
¼ 1
8
; ð2:2Þ
I 00ðyÞ ¼ I1ðyÞ; I 01ðyÞ ¼ I0ðyÞ 
1
y
I1ðyÞ ð2:3Þ
and, as y-N;
InðyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
1
2py
s
ey 1 ðn 1=2Þðnþ 1=2Þ
2y

þ ðn 1=2Þðn 3=2Þðnþ 3=2Þðnþ 1=2Þ
2!22y2
?
þð1Þkðn 1=2Þ?ðn ðk  1=2ÞÞðnþ ðk  1=2ÞÞ?ðnþ 1=2Þ
k!2kyk
þ Oðyk1Þ

: ð2:4Þ
For the proof, see e.g. [15].
Using (2.2), (2.3) in Lemma 2.1 we have
@tðSðtÞgÞ ¼ et=2 gðx þ tÞ þ gðx  tÞ
2
þ 1
4
et=2
Z
jzjpt
I1
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  tﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  I0 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p 
 
gðx  zÞ dz
¼ et=2o01ðtÞg þ J01ðtÞg;
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etc. To estimate ðSðtÞ  PðtÞÞg and J01ðtÞg; we apply not only Lemma 2.1 but also
the Hausdorff–Young inequality.
Lemma 2.2. For p; q; rð1pp; q; rpNÞ satisfying 1
q
 1
p
¼ 1 1
r
; the inequality
jj f  gjjLppCjjf jjLr jjgjjLq
holds, where  denotes the convolution.
Our ﬁrst basic estimates are the followings.
Proposition 2.1. For 1pqpppN; it holds that
jjSðtÞgjjLppCð1þ tÞ
1
2
1
q
1
p
 
jjgjjLq ; tX0; ð2:5Þ
jj@tðSðtÞgÞ  et=2o01ðtÞgjjLp ¼ jjJ01ðtÞgjjLppCð1þ tÞ
1
2
1
q
1
p
 
1jjgjjLq ; tX0 ð2:6Þ
and
jjðSðtÞ  PðtÞÞgjjLppCt
1
2
1
q
1
p
 
1jjgjjLq ; tX2: ð2:7Þ
Proposition 2.1 is basic in the sense that (2.6) and (2.7) shows ð1:3Þ00 by (1.16) and
(1.17).
Proof of Propositin 2.1. By (1.13) and (1.16), for tX2
ðSðtÞ  PðtÞÞg
¼
Z
jzjpt2=3
þ
Z
t2=3pjzjpt
 !
1
2
et=2I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p 
 e
z2=tﬃﬃﬃﬃﬃﬃﬃ
4pt
p
" #
gðx  zÞ dz
þ
Z
jzj4t
ez
2=tﬃﬃﬃﬃﬃﬃﬃ
4pt
p gðx  zÞ dz
¼: X1 þ X2 þ X3: ð2:8Þ
We show the case roN; that is, ðp; qÞaðN; 1Þ: The case r ¼N is shown similarly.
First, note that both X2 and X3 decay exponentially. In fact, by Lemma 2.2
jjX3jjLppC
Z N
t
ez
2=4tﬃﬃﬃﬃﬃﬃﬃ
4pt
p
 !r
dz
 !1=r
jjgjjLq
pCeb0tjjgjjLq ð0ob0o1=8Þ: ð2:9Þ
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Since InðyÞ ðn ¼ 0; 1;yÞ is monotonically increasing by (1.14), the asymptotic
expansion (2.4) yields, for t2=3pzpt;
1
2
et=2In
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p 
p 1
2
et=2In
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  t4=3
p 
¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2t4=3
p
q
e
t
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2t4=3
p
2 ð1þ Oðt1ÞÞ
¼Ct1=2e
t4=3
2ðtþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2t4=3
p
Þð1þ Oðt1ÞÞ
pCeb1t1=3 ; tX2 ð0ob1o1=8Þ
and
ez
2=4tﬃﬃﬃﬃﬃﬃﬃ
4pt
p pe
1
4
t1=3ﬃﬃﬃﬃﬃﬃﬃ
4pt
p pC expðb1t1=3Þ; tX2:
Hence we have
jjX2jjLppCeb1t
1=3 jjgjjLq ; tX2: ð2:10Þ
Main term is X1: For 0pzpt2=3; tX2; noting that ðztÞ2XðztÞkðkX2Þ; we have
ez
2=4tﬃﬃﬃﬃﬃﬃﬃ
4pt
p
 !1
1
2
et=2I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p 
¼
ﬃﬃﬃﬃﬃﬃﬃ
4pt
p 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p
s
e
z2
4t
t
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃ
t2z2
p
2 	 1þ 1
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p þ Oðt2Þ
 
¼ 1 z
t
 2 1=4
e
 z
4
4t3ð1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1ðz=tÞ2
p
	 1þ 1
4t
þ 1
t2
O 1þ z
2
t
  
¼ 1þ 1
t
O 1þ z
2
t
  
1þ 1
4t
þ 1
t2
O 1þ z
2
t
  
¼ 1þ 1
t
O 1þ z
2
t
 
: ð2:11Þ
Hence
X1 ¼
Z
jzjpt2=3
ez
2=4tﬃﬃﬃﬃﬃﬃﬃ
4pt
p 1þ 1
t
O 1þ z
2
t
 
 1
 
gðx  zÞ dz ð2:12Þ
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and, by Lemma 2.2,
jjX1jjLppCt1
Z
ez
2=4tﬃﬃﬃﬃﬃﬃﬃ
4pt
p
 !r
O 1þ z
2
t
 r
dz
 !1=r
jjgjjLq
pCt
1
2
1
q
1
p
 
1jjgjjLq : ð2:13Þ
By (2.9)–(2.11), we have (2.7). Moreover, by (1.11) with a ¼ b ¼ 0;
jjSðtÞgjjLppCt
1
2
1
q
1
p
 
jjgjjLq ; tX2: ð2:14Þ
By (2.1) in Lemma 2.1, for tp2;
jjSðtÞgjjLppCjjgjjLq
which shows (2.5).
Next, we estimate J01ðtÞ in (2.10). Similar to (2.8)
J01ðtÞg ¼
Z
jzjpt2=3
þ
Z
t2=3pjzjpt
 !
et=2
4
J0 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p 

þ I1 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  tﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p

gðx  zÞ dz
¼: X4 þ X5;
in which X5 decays exponentially, same as (2.10). To estimate X4; we prepare for
jzjpt2=3
I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p 
¼ e
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
t2z2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
pp
 
1þ 1
4t
þ 1
t2
9
32
þ 1
8
z2
t
 
:
þ 1
t3
O 1þ z
2
t
þ z
2
t
 2 !!
; ð2:15Þ
I1
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p 
¼ e
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
t2z2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
pp
 
1 3
4t
 1
t2
15
32
þ 3
8
z2
t
 
:
þ 1
t3
O 1þ z
2
t
þ z
2
t
 2 !!
ð2:16Þ
P. Marcati, K. Nishihara / J. Differential Equations 191 (2003) 445–469460
and
ez
2=4tﬃﬃﬃﬃﬃﬃﬃ
4pt
p
 !1
1
2
et=2
e
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
t2z2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
pp ¼ 1þ 1
t
O 1þ z
2
t
 
; ð2:17Þ
which are also available for estimates of higher order derivatives. Eqs. (2.15) and
(2.16) follow from (2.4), and (2.17) is derived as same as in (2.11).
By (2.15)–(2.17)
X4 ¼
Z
jzjpt2=3
1
4
e
t
2
e
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
t2z2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
pp 1þ 1
t
O 1þ z
2
t
 
þ ð1þ O 1
t
 
1þ 1
t
O 1þ z
2
t
  
gðx  zÞ dz
¼
Z
jzjpt2=3
ez
2=4tﬃﬃﬃﬃﬃﬃﬃ
4pt
p 1
t
O 1þ z
2
t
 
gðx  zÞ dz:
Hence Lemma 2.2 yields
jjX4jjLppCt
1
2
1
q
1
p
 
1jjgjjLq ; tX2: ð2:18Þ
Since both I0ðyÞ and I1ðyÞ 1y are bounded for 0pypy0 in Lemma 2.1, it is easy to see
jjJ01ðtÞgjjLppCjjgjjLq ; tp2: ð2:19Þ
Thus we have (2.6), which completes the proof of Proposition 2.1. &
Proof of Theorem 1.2. We only show ð1:23Þ20 and ð1:25Þ20: The other cases are
treated in a same way, though the calculations are rather tedious. By (1.13) and
Lemma 2.1
@xðSðtÞgÞ ¼ et=2 gðx þ tÞ  gðx  tÞ
2
þ 1
2
et=2
Z
jxyjpt
I1
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  ðx  yÞ2
q  ðx  yÞ
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  ðx  yÞ2
q gðyÞ dy
¼ et=2 gðx þ tÞ  gðx  tÞ
2
þ 1
4
et=2
Z
jzjpt
I1
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p gðx  zÞ dz
¼ et=2o10ðtÞg þ J10ðtÞg ð2:20Þ
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and
@2xðSðtÞgÞ ¼ et=2ð
g0ðx þ tÞ  g0ðx  tÞ
2
þ 1
4
t
4
ðgðx þ tÞ þ gðx  tÞÞ
þ e
t=2
4
Z
jxyjpt
I 01
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  ðx  yÞ2
q  ðx  yÞ2
2ðt2  ðx  yÞ2Þ
2
64
þ I1 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  ðx  yÞ2
q 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  ðx  yÞ2
q
0
B@
0
B@
þ ðx  yÞ
2
t2  ðx  yÞ2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  ðx  yÞ2
q
0
B@
1
CA
3
75gðyÞ dy
¼ et=2 t
8
gðx þ tÞ þ gðx  tÞ
2
þ g
0ðx þ tÞ  g0ðx  tÞ
2
 
þ e
t=2
4
Z
jzjpt
I0
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  z2
2ðt2  z2Þ


I1 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p þ 2z
2
ðt2  z2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
p
 !#
gðx  zÞ dz
¼ et=2o20ðtÞg þ J20ðtÞg: ð2:21Þ
Same as J01ðtÞg; we devide the integrand into two domains
J20ðtÞg ¼
Z
jzjpt2=3
þ
Z
t2=3pjzjpt
¼: Y1 þ Y2;
in which Y2 decays exponentially. Using (2.15)–(2.17), we have
Y1 ¼
Z
jzjpt2=3
et=2
4
e
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
t2z2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  z2
pp 1þ 1
4t
þ 1
t2
O 1þ z
2
t
  
	 1
2t
z2
t
1þ 1
t
O
z2
t
  
 1 3
4t
þ 1
t2
O 1þ z
2
t
  
	 1
t
ð1þ 1
t
O
z2
t
 
gðx  zÞ dz
¼
Z
jzjpt2=3
ez
2=tﬃﬃﬃﬃﬃﬃﬃ
4pt
p 1þ 1
t
O 1þ z
2
t
  
 1
2t
þ 1
4t
z2
t
þ 1
t2
O 1þ z
2
t
  
gðx  zÞ dz
¼
Z
jzjpt2=3
ez
2=tﬃﬃﬃﬃﬃﬃﬃ
4pt
p 1
t
1
2
þ z
2
4t
þ 1
t
O 1þ z
2
t
  
gðx  zÞ dz: ð2:22Þ
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Hence
jjY1jjLppCt
1
2
1
q
1
p
 
1jjgjjLq ; tX2;
and so
jjJ20ðtÞgjjLppCt
1
2
1
q
1
p
 
1jjgjjLq ; tX2: ð2:23Þ
For 0ptp2; (2.1) in Lemma 2.1 gives
jjJ20ðtÞgjjLppCjjgjjLq ð2:24Þ
in a same way as (2.19). Both (2.23) and (2.24) gives ð1:23Þ20:
On the other hand, since
@2xPðtÞg ¼
Z
R
ez
2=4tﬃﬃﬃﬃﬃﬃﬃ
4pt
p  1
2t
þ 1
4t
z2
t
 
gðx  zÞ dz; ð2:25Þ
we denote as
ðJ20ðtÞ  @2xPðtÞÞg ¼
Z
jzjpt2=3
þ
Z
t2=3pjzjpt
þ
Z
jzjXt
¼: Y3 þ Y4 þ Y5: ð2:26Þ
Then, Y4 and Y5 decay exponentially, and
Y3 ¼
Z
jzjpt2=3
ez
2=4tﬃﬃﬃﬃﬃﬃﬃ
4pt
p 1
t2
O 1þ z
2
t
 
gðx  zÞ dz
by (2.22) and (2.25), which yields
jjY3jjpCt
1
2
1
q
1
p
 
2jjgjjLq ; tX2
and hence ð1:25Þ20:
Thus we have completed the proof of Theorem 1.2. &
3. L1-Decay for quasilinear wave equation
In this section we apply (1.22) and (1.23) in Theorem 1.2 to the reformulated
problem
wtt  wxx þ wt ¼ Fðx; tÞ;
ðw; wtÞjt¼0 ¼ ðw0; w1ÞðxÞ
(
ð3:1Þ
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with
Fðx; tÞ ¼ fbð%v 
%
vÞwxx þ Oðw2xxÞg þ Oðj#vj þ j%v 
%
vj3 þ j%vtjÞ ¼: F1 þ F2; ð3:2Þ
coming from (1.41)–(1.44). Here, both a and a are normalized to be one.
By the Duhanmel principle the solution to (3.1) is given by
wð	; tÞ ¼SðtÞðw0 þ w1Þ þ @tðSðtÞw0Þ þ
Z t
0
Sðt  tÞFð	; tÞ dt
¼fet=2o01ðtÞw0 þ SðtÞðw0 þ w1Þ þ J01ðtÞw0g þ
Z t
0
Sðt  tÞFð	; tÞ dt
¼:wð0Þ þ Kð	; tÞ: ð3:3Þ
We estimate w in (3.3) to show the following theorem.
Theorem 3.1. Let w be a solution to (3.1) obtained in Theorem 1.3. If ðw0; w1ÞAðH3 
H2Þ-ðW 2;1  W 1;1Þ ¼ Z0; then w satisfies the estimate
jj@ax@bt wð	; tÞjjLppCð1þ tÞ
1
2
11
p
 
a
2
b
logð2þ tÞðjjw0; w1jjZ0 þ d0Þ ð3:4Þ
for 0paþ bp2 and 1ppp2:
Remember that ðwxx; wxtÞ ¼ ðv  %v  #v; u  %u  #vÞ and ð#v; uˆÞ decay exponentially.
Hence, by taking ða;bÞ ¼ ð2; 0Þ and ð1; 1Þ; Theorem 3.1 yields Theorem 1.4.
Proof of Theorem 3.1. By (1.22) and (1.23) it is clear that
X
aþbp2
ð1þ tÞ
1
2
11
p
 
þa
2
þbjj@ax@bt wð0Þð	; tÞjjLppCjjw0; w1jjZ0 : ð3:5Þ
To estimate the nonlinear term, assume a priori that
NðTÞ ¼ sup
0ptpT
X
aþbp2
ð1þ tÞ
1
2
11
p
 
þa
2
þbðlogð2þ tÞÞ1jj@ax@bt wð	; tÞjjLp
( )
ðp1Þ: ð3:6Þ
By (1.22)
jjKð	; tÞjjLp ¼
Z t
0
Sðt  tÞFð	; tÞ dt




Lp
pC
Z t
0
ð1þ t  tÞ
1
2 1
1
p
 
jjFð	; tÞjjL1 dt:
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Since
jjFð	; tÞjjL1pC sup
R
j%vðx; tÞ 
%
vjjjwxxð	; tÞjjL1 þ jjwxxð	; tÞjj2L2

þjj #vð	; tÞjjL1 þ jj%vð	; tÞ 
%
vjj3L3 þ jj%vtð	; tÞjjL1

pCðd0ð1þ tÞ
3
2 logð2þ tÞNðtÞ þ ð1þ tÞ52 ðlogð2þ tÞÞ2NðtÞ2Þ
þ Cd0ð1þ tÞ1; ð3:7Þ
it holds that, for tpT ;
jjKð	; tÞjjLppC
Z t=2
0
þ
Z t
t=2




Lp
pCð1þ tÞ
1
2
11
p
 
ðd0NðTÞ þ NðTÞ2Þ
þ Cd0ð1þ tÞ
12 1
1
p
 
logð2þ tÞ; ð3:8Þ
and hence
ð1þ tÞ
1
2 1
1
p
 
ðlogð2þ tÞÞ1jjwð	; tÞjjLp
pCðjjw0; w1jjZ0 þ d0 þ d0NðTÞ þ NðTÞ2Þ: ð3:9Þ
Similarly, we estimate the derivatives of Kð	; tÞ to have
jj@ax@bt Kð	; tÞjjLppCð1þ tÞ
1
2
11
p
 
a
2
b
logð2þ tÞ
 ðd0 þ ðjjw0; w1jjZ0 þ d0ÞNðTÞ þ NðTÞ2Þ ð3:10Þ
for 1paþ bp2 and 1ppp2: Then we have
ð1þ tÞ
1
2
11
p
 
þa
2
þbðlogð2þ tÞÞ1jj@ax@bt wð	; tÞjjLp
pCðjjw0; w1jjZ0 þ d0 þ ðjjw0; w1jjZ0 þ d0ÞNðTÞ þ NðTÞ2Þ: ð3:11Þ
Combining (3.9) with (3.11) we have
NðTÞpCðjjw0; w1jjZ0 þ d0 þ ðjjw0; w1jjZ0 þ d0ÞNðTÞ þ NðTÞ2Þ;
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which shows that, if jjw0; w1jjZ0 þ d051; then NðTÞpCðjjw0; w1jjZ0 þ d0Þ and so
(3.4).
We now need to show (3.11). Only the case a ¼ 2 will be shown. The other cases
are omitted.
Differentiate (3.3) twice with respect to x:
wxxðx; tÞ ¼ @2xSðtÞðw0 þ w1Þ þ @3txxðSðtÞw0Þ þ
Z t
0
@2xSðt  tÞFðx; tÞ dt
¼fet=2ðo20ðtÞðw0 þ w1Þ þ o21ðtÞw0Þ þ J20ðtÞðw0 þ w1Þ þ J21ðtÞw0g
þ
Z t
0
eðttÞ=2o20ðt  tÞFðx; tÞ dtþ
Z t
0
J20ðt  tÞFðx; tÞ dt
¼:wð20Þðx; tÞ þ K120ðx; tÞ þ K220ðx; tÞ: ð3:12Þ
By (1.23) it is clear that
jjwð20Þð	; tÞjjLppCð1þ tÞ
1
2
11
p
 
1jjw0; w1jjZ0 ; ð3:13Þ
which is included in (3.5). Note that ﬁrst and second derivatives of w0 are included in
o21ðtÞw0 and ﬁrst derivative of w1 in w20ðtÞw1; and so ðw0; w1ÞAW 2;1  W 1;1 is
assumed.
The last term K220ðx; tÞ is estimated as follows:
jjK220ð	; tÞjjL1pC
Z t
0
ð1þ t  tÞ1jjFð	; tÞjjL1 dt
pCð1þ tÞ1 logð2þ tÞðd0NðTÞ þ NðTÞ2Þ; ð3:14Þ
jjK220ð	; tÞjjL2pC
Z t
0
ð1þ t  tÞ5=4jjF1ð	; tÞjjL1 dt
þ C
Z t=2
0
ð1þ t  tÞ5=4jjF2ð	; tÞjjL1 dt
(
þ
Z t
t=2
ð1þ t  tÞ1jjF2ð	; tÞjjL2 dt
)
pCð1þ tÞ5=4 logð2þ tÞðd0NðTÞ þ NðTÞ2Þ: ð3:15Þ
Because
jjF2ð	; tÞjjL2pCðjj#vjjL2 þ jj%v 
%
vjj3L6 þ jj %vtjjL2ÞpCd0ð1þ tÞ5=4: ð3:16Þ
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By ð1:20Þ20; K120ðx; tÞ has the expression
K120ðx; tÞ ¼
Z t
0
e
tt
2
t  t
8
 1
2
 
Fðx þ t  t; tÞ þ Fðx  t þ t; tÞ
2

þ Fxðx þ t  t; tÞ þ Fxðx  t þ t; tÞ
2

dt ð3:17Þ
and
Fxðx7t8t; tÞ ¼ fb%vxwxx þ bð%v 
%
vÞwxxx þ OðjwxxwxxxjÞg
þ Oðj#vxj þ j%v 
%
vj2j%vxj þ j%vxtjÞ ¼: F1x þ F2x: ð3:18Þ
To estimate jjK120ð	; tÞjjLp ; 1ppp2; we need jjF jjL1 ; jjF jjL2 and jjFxjjL1 ; jjFxjjL2 : By
virtue of Theorem 1.3,
jjF1ð	; tÞjjL2pCðjj%v 
%
vjjL2 jjwxxjjL2 þ jjwxxxjj1=2jjwxxjj3=2L2 Þ
pCð1þ tÞ3=2 logð2þ tÞfðjjw0; w1jjZ0 þ d0ÞNðTÞ þ NðTÞ2g; ð3:19Þ
jjF1xð	; tÞjjL1pCðjj%vxjjLN jjwxxjjL1 þ jj %v 
%
vjjL2 jjwxxxjjL2 þ jjwxxxjjL2 jjwxxjjL2Þ
pCðjjw0; w1jjZ0 þ d0Þfð1þ tÞ2 logð2þ tÞ 	 NðTÞ þ ð1þ tÞ7=4g;
ð3:20Þ
jjF2xð	; tÞjjL1pCd0ð1þ tÞ3=2; ð3:21Þ
jjF1xð	; tÞjjL2pCðjj%vxjjLN jjwxxjjL2 þ jj %v 
%
vjjLN jjwxxxjjL2 þ jjwxxxjj3=2jjwxxjj1=2L2 Þ
pCðjjw0; w1jjZ0 þ d0Þfð1þ tÞ9=4 logð2þ tÞ 	 NðTÞ þ ð1þ tÞ2g ð3:22Þ
and
jjF2xð	; tÞjjL2pCd0ð1þ tÞ7=4: ð3:23Þ
Using (3.7), (3.16) and (3.19)–(3.23), we have
jjK120ð	; tÞjjLppCð1þ tÞ
1
2
11
p
 
1
logð2þ tÞ
	 fjjw0; w1jjZ0 þ d0 þ ðjjw0; w1jjZ0 þ d0ÞNðTÞ þ NðTÞ2g: ð3:24Þ
Combining (3.13)–(3.15) with (3.24) we obtain (3.11), which completes the proof
of Theorem 1.4. &
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Remark. The estimate of jjwxxxð	; tÞjjL2 obtained in Theorem 1.3 implies those of
jjF jjLp and jjFxjjLp only for 1ppp2: The estimate jjwxxxxð	; tÞjjL2 is enough to obtain
jjwxxð	; tÞjjLN in our method, that is, ðw0; w1ÞAðH4  H3Þ-ðW 2;1  W 1;1Þ yields
(1.33) for 1pppN:
Acknowledgments
The original ideas in this paper arose when K. Nishihara visited Universita´ degli
Studi di L’Aquila in March and April, 2000. He expresses his sincere gratitude to
Professors P. Marcati and B. Rubino for their kind invitation and hospitality.
References
[1] H. Bellout, A. Friedman, Blow-up estimates for a nonlinear hyperbolic heat equation, SIAM J. Math.
Anal. 20 (1989) 354–366.
[2] R. Courant, D. Hilbert, Methods of Mathematical Physics II, Wiley, New York, 1989.
[3] L. Hsiao, Quasilinear Hyperbolic Systems and Dissipative Mechanisms, World Scientiﬁc, Singapore,
1998.
[4] L. Hsiao, D. Serre, Global existence of solutions for the system of compressible adiabatic ﬂow
through porous media, SIAM J. Math. Anal. 27 (1996) 70–77.
[5] L. Hsiao, D. Serre, Asymptotic behavior of large weak entropy solutions of the damped p-system, J.
Partial Differential Equations 10 (1997) 355–368.
[6] L. Hsiao, T.-P. Liu, Convergence to nonlinear diffusion waves for solutions of a system of hyperbolic
conservation laws with damping, Comm. Math. Phys. 43 (1992) 599–605.
[7] L. Hsiao, T. Luo, Nonlinear diffusive phenomena of solutions for the system of compressible
adiabatic ﬂow through porous media, J. Differential Equations 125 (1996) 329–365.
[8] L. Hsiao, T. Luo, Nonlinear diffusive phenomena of entropy weak solutions for a system of
quasilinear hyperbolic conservation laws with damping, Quart. Appl. Math. 56 (1998) 173–198.
[9] L. Hsiao, S.Q. Tang, Construction and qualitative behavior of solutions of perturbed Riemann
problem for the system of one-dimensional isentropic ﬂow with damping, Quart. Appl. Math. 53
(1995) 487–505.
[10] T.-T. Li, Nonlinear heat conduction with ﬁnite speed of propagation, Proceedings of the China-Japan
Symposium on Reaction–Diffusion Equations and their Applications an Computational Aspect,
1996.
[11] T. Luo, T. Yang, Interaction of elementary waves for compressible Euler equations with frictional
damping, J. Differential Equations 161 (2000) 42–86.
[12] P. Marcati, M. Mei, Convergence to nonlinear diffusion waves for solutions of the initial boundary
problem to the hyperbolic conservation laws with damping, Quart. Appl. Math. 58 (2000) 763–784.
[13] P. Marcati, M. Mei, B. Rubino, Optimal convergence rates to diffusion waves for solutions of the
hyperbolic conservation laws with damping, preprint.
[14] P. Marcati, R. Pan, On the diffusive proﬁles for the system of compressible adiabatic ﬂow through
porous media, SIAM J. Math. Anal. 33 (2001) 790–826.
[15] A. Nikiforov, V. Ouvarov, Ele´ments de la the´orie des fonctions spe´ciales, Nauka, Moscow, 1974
(French translation).
[16] K. Nishihara, Convergence rates to nonlinear diffusion waves for solutions of system of hyperbolic
conservation laws with damping, J. Differential Equations 131 (1996) 171–188.
[17] K. Nishihara, Asymptotic behavior of solutions of quasilinear hyperbolic equations with linear
damping, J. Differential Equations 137 (1997) 384–395.
P. Marcati, K. Nishihara / J. Differential Equations 191 (2003) 445–469468
[18] K. Nishihara, Asymptotics toward the diffusion wave for a one dimensional compressible ﬂow
through porous media, Proc. Roy. Soc. Edinburgh, Sect. A 133A (2003) 1–20.
[19] K. Nishihara, Lp2Lq estimates of solutions to the damped wave equation in 3-dimensional space and
their application, Math. Z, to appear.
[20] K. Nishihara, M. Nishikawa, Asymptotic behavior of solutions to the system of compressible
adiabatic ﬂow through porous media, SIAM J. Math. Anal. 33 (2001) 216–239.
[21] K. Nishihara, W. Wang, T. Yang, Lp-convergence rate to nonlinear diffusion waves for p-system with
damping, J. Differential Equations 161 (2000) 191–218.
[22] K. Nishihara, T. Yang, Boundary effect on asymptotic behavior of solutions to the p-system with
linear damping, J. Differential Equations 156 (1999) 439–458.
[23] G. Ponce, Global existence of small solutions to a class of nonlinear evolution equations, Nonlinear
Anal. TMA 9 (1985) 399–418.
[24] W. Wang, T. Yang, Pointwise estimates and Lp convergence rates to diffusion waves for p-system
with damping, preprint.
P. Marcati, K. Nishihara / J. Differential Equations 191 (2003) 445–469 469
